A k-essence scalar field model having (non canonical) Lagrangian of the form L = −V (φ)F (X) where X = 1 2 g µν ∇µφ∇νφ with constant V (φ) is shown to be consistent with luminosity distanceredshift data observed for type Ia Supernova. For constant V (φ), F (X) satisfies a scaling relation which is used to set up a differential equation involving the Hubble parameter H, the scale factor a and the k-essence field φ. H and a are extracted from SNe Ia data and using the differential equation the time dependence of the field φ is found to be: φ(t) ∼ λ0 + λ1t + λ2t 2 . The constants λi have been determined. The time dependence is similar to that of the quintessence scalar field (having canonical kinetic energy) responsible for homogeneous inflation. Furthermore, the scaling relation and the obtained time dependence of the field φ is used to determine the X-dependence of the function F (X). 
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I. INTRODUCTION
Measurement of luminosity distance of the type Ia Supernovae (SNe Ia) [1] [2] [3] [4] [5] [6] [7] [8] during nearly last two decades establishes that the universe is presently undergoing a phase of accelerated expansion. Observation of Baryon Acoustic Oscillations (BAO) [9] [10] [11] [12] , Cosmic Microwave Background (CMB) radiations [13, 14] , power spectrum of matter distributions in the universe provide other independent evidence in favour of this late-time cosmic acceleration. A general label for the source of this late-time cosmic acceleration is "dark energy", which is a hypothetical unclustered form of energy with negative pressure -the negative pressure leading to the cosmic acceleration by counteracting the gravitational collapse. SNe Ia observations have revealed that roughly 70% of the content of the present universe consists of dark energy.
The very nature and origin of dark energy still remains a mystery despite many years of research. There exist diverse theoretical approaches from different viewpoints aiming construction of models for dark energy to explain the present cosmic acceleration. These include the Λ − CDM model [15] which fits well with the present cosmological observations but is also plagued with the fine tuning problem from the standpoint of particle physics. Alternative field theoretic models based on consideration of specific forms of the energy-momentum tensor with a negative pressure in Einstein's equation include quintessence [16] and k-essence [17] [18] [19] [20] [21] [22] [23] where scalar fields with slowly varying potentials and scalar field kinetic energy, respectively, drive the cosmic acceleration. There also exist other viable models of dark energy based on modification of geometric part of Einstein's equation which include f (R) gravity [24] [25] [26] , scalar-tensor theories [27] [28] [29] [30] [31] and brane world models [32, 33] . * Electronic address: abhi.vu@gmail.com
In this work we try to address certain issues related to the framework of k-essence scalar field model of dark energy leading to interesting phenomenological consequences in the context of SNe Ia observations. The kessence models which involve actions with non-canonical kinetic terms are strong candidates for dark energy. A theory with a non-canonical kinetic term was first proposed by Born and Infeld in order to get rid of the infinite self-energy of the electron [34] . Similar theories were also studied in [35] . Cosmology witnessed these models first in the context of scalar fields having non-canonical kinetic terms which drive inflation. Subsequently k-essence models of dark matter and dark energy were also constructed. Effective field theories arising from string theories also have non-canonical kinetic terms [36] [37] [38] [39] .
The motivation for this work comes from the following. A constant potential in the k-essence (non-canonical) Lagrangian L = F (X)V (φ), where X = 1 2 g µν ∇ µ φ∇ ν φ, ensures existence of a scaling relation X (dF/dX) 2 = Ca −6 , C is some constant [40, 41] . Recently a Lagrangian for the k-essence field has been set up for the curvature constant K = 0 in a homogeneous and isotropic universe incorporating the above mentioned scaling relation [59, 60] . Combining this formalism of non-canonical Lagrangian and scaling relation with observational data we determine (i) the time dependence of the spatially homogeneous scalar field φ(t) driving the late-time cosmic acceleration and (ii) a form of F (X) satisfying the scaling relation. This is done as follows. For a spatially homogeneous scalar field φ(t), Einstein's field equations in presence of this scaling relation leads to the equation : H − K/a 2 −φ/a 3 = 0 (derived below in Sec. II, Eq. 9) K being the curvature constant. This equation connects the time derivative of the field with the scale factor (a) and Hubble parameter (H) associated with the expansion of FLRW universe. Such an equation holds for a wide class of forms for F (X) respecting the scaling relation. The late-time temporal behaviour of the phe-nomenological values of the parameters H and a, on the other hand, can be extracted from the measured values of the luminosity distance of observed SNe Ia events with different redshift (z) values ranging from 0 < z ∼ < 1.8. Use of these phenomenological values H(t) and a(t) in the above equation thus opens up a possibility of determining from observational data the time dependence of the scalar field φ(t) in the k-essence model with constant potential, without prior knowledge of any specific form for F (X). In presence of the scaling relation the temporal behaviour of the k-essence scalar field as obtained from the analysis of SNe Ia data is found to be fitted with the form: φ(τ ) = φ(τ = 0)+ λ 1 τ + λ 2 τ 2 to an appreciable extent of statistical precision. τ represents a dimensionless time parameter (defined in Sec. III), with τ = 0 corresponding to the present epoch. The numerical values of the constant coefficients λ 1 and λ 2 are estimated directly from the analysis of observational data for three different possible values of the curvature constant K. Interestingly the observational data is instrumental in not providing rooms for further higher order terms of τ in the obtained time dependence of φ. The k-essence scalar field responsible for late-time cosmic acceleration is found to have similar time evolution properties to that of a quintessence field responsible for a homogeneous inflation. It should be mentioned that there also exist scenarios to unify inflation with late-time acceleration in certain interesting versions of modified gravity theories [42] [43] [44] .
Using the scaling relation we can directly compute the dependence of the function F (X) − F (X 0 ) on X from the observational data upto the multiplicative constant (appearing in the scaling relation) where X 0 is the value of X at the present epoch. For this, we first compute the dependence of F (τ ) − F (τ = 0) on time τ by numerically integrating the scaling relation. Then the time parameter can be eliminated from the obtained time dependences of X(= 1 2φ
2 ) and F (τ ) − F (τ = 0), by numerically evaluating both quantities at same values of time τ . From this we subsequently obtain the dependence of F (X) − F (X = 0) on X along with 1σ and 2σ uncertainties owing to the uncertainties in the observational data. Note that, this construction of F (X) in presence of the scaling relation, directly from observation is very different from other constructions of F (X) [45] [46] [47] .
The paper is organised as follows. In Sec. II a brief review is given of the k-essence scalar field model used to determine the time dependence of the field φ. Accordingly an equation is set up to determine φ (Eq. (9) below). In Sec. III we present the methodology of analysis of SNe Ia data in order to determine the relevant parameters to be subsequently used to find φ and F (X) in Sec. IV. Discussions and conclusions are presented in Sec. V.
II. THE k-ESSENCE SCALAR FIELD MODEL AND ITS CONTACT WITH OBSERVATION
We first indulge in a brief recollection i.e.
where L is the Lagrangian for the k-essence models, p is the pressure and ρ is the energy density. F (X) is a function of X with X = 1 2 g µν ∇ µ φ∇ ν φ, and V (φ) is a potential. In a FLRW background the Einstein's field equations give
where K is the curvature constant, a is the scale factor and H =ȧ/a. From these two equations we obtain the K-independent continuity equatioṅ
Using Eqs. (1) and (2) in Eq. (5) and taking the field φ to be homogeneous (so that ∇ i φ = 0 and X = 1 2φ
2 ) we get the equation for the k-essence field as
where
If we now choose the potential V (φ) to be a constant (φ-independent), then the third term in Eq. (6) is absent, one obtains the scaling [40, 41] 
where C is some constant. We stress here that this scaling relation reflects a fundamental aspect of k-essence model with constant potential V . The existence of a scaling relation implies presence of relevant scales in the theory. Here this is realized for a constant potential. Throughout this work V is a constant and the scaling relation is preserved.
Using Eqs. (1), (2) and (7) we get from Eq. (4)
Rescaling the field as 4 √ 2 √ CπGV φ → φ the above equation can be rewritten as
Eq. (9) is a differential equation incorporating H, a and φ. Exploiting this equation we can determine the time dependence of the field φ from phenomenological values of H and a as extracted from SNe Ia data. Here we note the following. In Eq. (6), if V (φ) is not a constant then to determine the time evolution of φ from this equation would require prior knowledge of specific forms for F (X) and V (φ) as well. However, if V (φ) is a constant (as we have considered), scaling relation (Eq. (7)) ensures the existence of Eq. (9) . Now determining the time evolution of φ from Eq. (9) does not require prior knowledge of specific form of F (X), knowing H and a is enough. Moreover, using X = 1 2φ
2 , from the scaling relation (Eq. (7)), it follows that
Exploiting the time dependences of the scale factor a and field φ as extracted from observational data we can numerically integrate Eq. (10) to get time dependence of the quantity (F (t) − F (t = 0))/ √ 2C. Further, the time parameter can be eliminated from the obtained time dependence of (F (t) − F (t = 0))/ √ 2C and X(t) by numerically evaluating both the quantities at same values of t from which we subsequently obtain the X-dependence the quantity (F (X) − F (X 0 ))/ √ 2C. Now recall standard theories of homogeneous inflation [48, 49] . There the potential energy of a homogeneous scalar field φ, usually called inflaton (described by Lagrangians with canonical kinetic terms), leads to the exponential expansion of the universe. The energy density and the pressure density of the inflaton field can be described respectively, as
Substituting these in Eqs. (3) (for K = 0) and (5) we get
, H is approximately a constant and the last equation implies φ ∼ Ae −γt ∼ γ 0 + γ 1 t + γ 2 t 2 + · · · . SNe Ia observations fitted to Eq. (9) seem to indicate that a similar time evolution is also true for k-essence scalar fields where the kinetic energy dominates over the potential energy and the Lagrangian has non-canonical kinetic terms.
Here the following should be noted. It may be argued that if V is a constant , all k-essence models behave as quintessence if X = 1 2φ
However, there is a subtle difference here. From Eq. (11) and (12), p + ρ =φ 2 = 2X for quintessence whereas from Eq. (1) and (2), using scaling relation we get p + ρ = −2V √ Ca −3 √ X for kessence. Therefore for X = 0, k-essence cannot reduce to quintessence. For X → 0, p + ρ for k-essence approaches zero faster than p + ρ for quintessence. Therefore use of the scaling relation prevents this model for k-essence from reducing to a model for quintessence for any X. It should be mentioned that for constant V the scaling relation is a fundamental attribute obtained from the hydrodynamic model and Einstein's equation. Therefore there is no chance of the quintessence and k-essence models coinciding for X → 0. Moreover it will be shown below thatφ 2 is non-zero from SNe Ia observations. Here we mention another point. As explained in [50] , since Friedmann equations relate H 2 (t) to the total energy density of the universe, the best we can do from any geometrical observation is to determine the total energy density of the universe at any given time. It is not possible to determine the energy densities of individual components from any geometrical observation. Therefore observationally dark energy is difficult to pinpoint.
III. METHODOLOGY OF ANALYSIS OF SNE
IA DATA
The SNe Ia data remain the key observational ingredient in determining cosmological parameters related to dark energy. One possible way of examining a theoretical model of dark energy involves parametrisation of quantities like luminosity distance or the Hubble parameter or the dark energy equation of state in terms of redshift.
The constants of such parametrisations show up in the expressions for the cosmological quantities like the scale factor a(t) and the Hubble parameter H(t). The numerical values of these constants can then be found by fitting it to the observational data. In this work, we have assumed a closed form parametrisation of the luminosity distance,
where c is the speed of light and H 0 the value of the Hubble parameter at the present epoch defined through the dimensionless quantity h by H 0 = 100 h km s
The luminosity distance is related to the distance modulus µ as
is called the Hubble free luminosity distance (dimensionless) and µ 0 = 42.38 − 5 log 10 h. There exist different compilations of SNe Ia observations: HST+SNLS+ESSENCE [4, 6, 51] , SALT2 and MLCS data [52] , UNION [8] and UNION2 data [53] . These different groups tabulated the values of the distance modulus for different values of the redshift from the SNe Ia observations. The observed values of the distance modulus µ obs (z i ) corresponding to measured redshifts z i are given in terms of the absolute magnitude M and the apparent magnitudes m obs (z i ) by
To obtain the best-fit values of the parameters α and β from SNe Ia observations we perform a χ 2 analysis which involves minimization of suitably chosen χ 2 function with respect to the parameters α and β.
For our analysis of SNe Ia data we use the χ 2 function considered in [54] , where the methodology of the likelihood is discussed in detail. The χ 2 function for the analysis of SNe Ia data is first defined in terms of parameters α, β and M ′ ≡ µ 0 + M (called the nuisance parameter) as
where σ i is the uncertainty in observed distance modulus and N is the total number of data points. Its marginalisation over the nuisance parameter asχ
with
The function χ 2 (α, β, M ′ ) has a minimum at M ′ = Q/R which gives the corresponding value of h as 10 
can be used in for the analysis. Determination of Hubble parameter from observational measurements is another probe to the accelerated expansion of the universe attributed to the dark energy. Compilation of the observational data based on measurement of differential ages of the galaxies by Gemini Deep Deep Survey GDDS [55] , SPICES and VDSS surveys provide the values of the Hubble parameter at 15 different redshift values [45, [56] [57] [58] . The χ 2 function for the analysis of this observational Hubble data can be defined as
where H obs is the observed Hubble parameter value at z i with uncertainty Σ i .
Varying the parameters α and β freely we minimize the χ 2 function which is defined as
The values of the parameters α and β at which minimum of χ 2 is obtained are the best-fit values of these parameters for the combined analysis of the observational data from SNe Ia and OHD. We also find the 1σ and 2σ ranges of the parameters α and β from the analysis of the observational data discussed above. In this case of two parameter fit, the 1σ (68.3% confidence level) and 2σ(95.4% confidence level) allowed ranges of the parameters correspond to χ 2 ≤ χ 2 min + ∆χ 2 , where ∆χ 2 = 2.30(6.17) denotes the 1σ(2σ) spread in χ 2 corresponding to two parameter fit.
In this work we have considered the SNe Ia data from HST+SNLS+ESSENCE (192 data points) [4, 6, 51] and Observational Hubble Data from [45, [56] [57] [58] (15 data points). The best fit for the combined analysis of the SNe Ia data and OHD is obtained for the parameters values α = 1.50 , β = 0.55 (23) with a minimum χ 2 of 204.94. In Figure 1 we have shown the regions of the α − β parameter space allowed at 1σ and 2σ confidence levels from the analysis.
Using these values of α and β as obtained from the analysis we can determine the time dependence of the scale factor and the Hubble parameter.
IV. DETERMINING φ(t) AND F (X) FROM THE
ANALYSIS OF SNE IA DATA For a flat universe, which is consistent with the current bounds from WMAP observation on the ratio of the energy density in curvature to the critical density, |Ω 0 K | < 0.01 (95% confidence level) [14] , the Hubble parameter H(z) corresponding to a redshift z is directly related to the luminosity distance through the relation From the equations H =ȧ a and
. Using this relation its useful to introduce a dimensionless parameter τ as
. (25) The present epoch (t(z = 0) ≡ t 0 ) corresponds to τ (z = 0) = 0. In this work we consider the parameter τ to represent time and obtain the numerical solution for dφ/dτ satisfying
as derived earlier in Eq. (9). Using Eqs. (15), (24) and (25), with the values of α and β as obtained from the analysis, we can numerically obtain the dependence of E(z) and τ (z) on z. From these the time(τ )-dependence of E can be extracted. We use this to evaluate dE dτ as a function of τ . Similarly from the equations a = a 0 /(1+z) and (25) the time variation of the scale factor can be obtained. All through the work we have assumed that the scale factor at present epoch is normalized to unity (a 0 = 1). Substituting the solutions for dE/dτ (τ ) and a(τ ) in Eq. (26) we finally compute dφ/dτ as a function of time (τ ). In Figure. 2 we have shown the variation of dφ/dτ with τ for all the three different values of the curvature constant K. The solid curves in this figure represent the estimated variation corresponding to the best-fit values of α and β (Eq. (23) ) obtained from the analysis. Using the 1σ and 2σ ranges of the parameters α and β allowed from the analysis, we also obtain the corresponding spreads in the dφ/dτ -τ variation. These are shown by the shaded regions in Figure. 2. It is important to note from the results that, for K = 0 (+1), dφ/dτ = 0 is disfavoured above 2σ (1σ) level all of the epochs probed in SNe Ia observations. For K = −1, however, a zero value of dφ/dτ remains allowed within 2σ level only for some earlier epochs of time accessible in SNe Ia observations. Integrating Eq. (26) and using the values of α and β as obtained from the analysis, we find that the obtained time dependence of φ(τ ) can be fitted with
to an appreciable extent of statistical precision. We present the results in Figure 3 where we have plotted φ(τ ) − φ(0) as a function of τ for three different values of K. The solid curves and shaded regions in Figure  3 , respectively, represent the plots corresponding to the best-fit values of (α, β) and their 1σ and 2σ uncertainties. The observational data are also instrumental in not providing room for further higher order terms of τ in the obtained time dependence of φ. To find the values of λ 1 and λ 2 based on observational data and also to have a quantitative estimation of how good a form like Eq. (27) can accommodate the obtained time dependence of φ from analysis of observational data, we minimize the followingχ 2 function with respect to the parameters λ 1 and λ 2 ,χ
is estimated in a way as described after Eq. (26) and Φ fit (τ i , λ 1 , λ 2 ) = λ 1 τ i + λ 2 τ i 2 . ∆Φ est (τ i ) is the average value of estimated 1σ uncertainty in Φ est (τ i ). n is the total number of points (τ i , Φ est (τ i )) considered (distributed within time range accessible in SNe Ia observations) for this particular analysis. We choose a large n(= 50) so thatχ 2 minimum /n provides measure ofχ 2 per degree of freedom. The best-fit values of the parameters λ 1 and λ 2 from this analysis for all three different values of curvature constant along with the corresponding values ofχ 2 /n at the best-fit (minimum χ 2 ) are listed in Table I . We also find the 1σ and 2σ allowed ranges for the parameters λ 1 and λ 2 which in this case of 2-parameter fit correspond toχ 2 ≤χ 2 minimum + 2.30 andχ 2 ≤χ 2 minimum + 6.17, respectively. The ranges are shown by shaded regions in Figure 4 , where the best-fit points are also marked. At a quantitative level, very low values ofχ 2 minimum /n (≪ 1) is a phenomenological indication of the fact that the time dependence of the k-essence field as extracted from observational data can be very convincingly accommodated within a profile:
The results of the analysis show that for K = 1(−1) both λ 1 and λ 2 are negative (positive) at 2σ confidence level. For K = 0, λ 1 (λ 2 ) is negative(positive) at 2σ confidence level.
Finally Eq. (10) can be rewritten in terms of the dimensionless time parameter τ . Then using the τ -dependence of the k-essence scalar field φ as obtained above from the analysis of observational data, the X-dependence of the quantity [F (X) − F (X 0 )]/ √ 2C can be found by the method as described in Sec. II. The plots are shown in Fig. 5 for three different values of curvature constant K. This accommodates a wide spectrum of forms for the function F (X) because of the arbitrariness of the constant C appearing in the scaling relation.
V. DISCUSSIONS AND CONCLUSIONS
In this work we have shown that a model of k-essence incorporating a scaling relation can be accommodated within the luminosity distance -redshift data observed for type Ia Supernova. Existence of the scaling relation within the framework of k-essence model allows to establish contact between the spatially homogeneous k-essence scalar field, and the scale factor and the Hubble parameter associated with the expansion of the FRW universe. Estimation of the time dependences of the cosmological quantities -the scale factor and the Hubble parameter from the observed SNe Ia data thus allows one to find temporal behaviour of the k-essence field φ(τ ). This comes out to be φ(t) ∼ λ 0 + λ 1 τ + λ 2 τ 2 where λ i are constants and have been determined from the analysis of the observational data along with their uncertainties. With the obtained time dependence of the scalar field φ, the use of scaling relation helps to obtain the form of the function F (X) − F (X 0 ) up to an arbitrary multiplicative constant occurring in the scaling relation itself. We have also presented the 1σ and 2σ ranges of this dependence as allowed from the observational data.
Time dependences of the k-essence scalar field extracted from SNe Ia observations within its accessible time domain viz 0.9 < t/t 0 < 1.0 are similar to that of a quintessence field responsible for homogeneous inflation which occurs at an epoch t/t 0 very close to zero. Note that these two domains correspond to −0.7 < τ < 0 (kessence) and τ → −∞ (quintessence), respectively, in our treatment. The temporal domains of the two scalar fields (k-essence and quintessence) are well separated. Therefore, similar scalar fields (so far as their time evolution is concerned) can account for inflation as well as dark energy driven accelerated expansion. Our work seems to indicate that this view has some observational support. Also note that the scaling relation implies that for well behaved F (X), X cannot go to zero. This is borne out by the above results.
A more realistic model would have included dust matter. However, this entails ρ in Eqs. (3-6) being replaced by ρ + ρ dust matter . Further, a choice would have to be made regarding the form of ρ dust matter . Consequently the scaling relation (Eq. 7) is no longer valid. This problem is presently under investigation.
